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Generalized functional-integral approach to time evolution of a coupled photon system
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A generalized functional-integral approach is presented to describe the coupled photon system in a free-
electron laser. By establishing the different complex time paths to two subsystems, the Wiggler field and the
laser field, an effective action of the system is introduced. A general photon distribution function is obtained by
evaluating the functional integral for the generating function.@S1063-651X~97!05009-5#

PACS number~s!: 05.30.2d, 41.60.Cr
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The problem of the signal gain of a free-electron laser
been intensively studied for many years. However, previ
investigations have concentrated on discussing the small
nal gain in the framework of the perturbation method@1#. As
the interaction between the Wiggler field and the laser fi
in a free-electron laser is often very strong, the perturba
method is no longer valid. We note that the function
integral technique can be used to study the nonequilibr
problem @2–5#. In particular, Po¨tz and Zhang investigate
the time evolution of the electron-phonon system with t
technique. However, their approach could not be used
study the coupled photon system in a free-electron laser,
is still a perturbative one.

The focus of this work is to develop a convenie
functional-integral approach that can be used to calculate
photon distribution function for any signal gain. By esta
lishing different complex time paths to two subsystems,
Wiggler field and the laser field, an effective action of t
coupled photon system can be introduced. Therefore the
act evaluation of the generating function will become p
sible, and a nonperturbative result will be obtained. In
remainder of the paper, we shall introduce an effective ac
for the coupled photon system, and derive the photon dis
bution function by evaluating the functional integral.

The coupled photon system in a free-electron laser c
sists of two subsystems, the Wiggler field and the laser fi
Each one is assumed to have a complex time coordinate
fined as

t̃5t1 i
t

\
~1!

where the domains for both the real partt and the imaginary
part t are 0;b and 0;T, respectively, whereb is the re-
ciprocal temperature andT the duration time. The definition
of the complex time is the same as that by Po¨tz and Zhang
@5#.

One may construct the Hamiltonian for two subsyste
with complex timet̃ l for the laser field andt̃w for the Wig-
gler field,

H~ t̃ l , t̃w!5Hl
0~ t̃ l !1Hw

0 ~ t̃w!1V~ t̃ l , t̃w!, ~2!

whereHs
0( t̃s) (s5 l ,w) is the Hamiltonian of the free sub

system, andV( t̃ l , t̃w) is the interaction between two sub
561063-651X/97/56~3!/2663~3!/$10.00
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systems. By integrating the Hamiltonian with respect tot̃ l
and t̃w along the Po¨tz-Zhang complex time path shown i
Fig. 1, we have

E
t̃ f

t̃ f E
t̃ i

t̃ f Hl
0~ t̃ l !dt̃ldt̃w1E

t̃ i

t̃ f E
t̃ i

t̃ f Hw
0 ~ t̃w!dt̃ldt̃w

1E
t̃ i

t̃ fE
t̃ i

t̃ f V~ t̃ l , t̃w!dt̃ldt̃w5bSl ,w , ~3!

whereSl ,w is regarded as an effective action of the syst
for the reason of its dimension.

The ensemble average for an observable is expressed

^A&5
1

Z
Tr~Ar!, ~4!

whereZ5Tr(r) is the grand partition function of the sys
tem, andr the density operator,

r5exp~2Sl ,w!

5expF2E
t̃ i

t̃ f Hl
0~ t̃ l !dt̃l2E

t̃ i

t̃ f Hw
0 ~ t̃w!dt̃w

2
1

b E
t̃ i

t̃ f E
t̃ i

t̃ f V~ t̃ l , t̃w!dt̃ldt̃wG . ~5!

The problem of the photon excitation in a free-electr
laser can be reduced to a nonrelativistic one by prope
choosing a frame where the frequency of the radiation fi
equals the frequency of the magnetic-field periods@1#. The
laser radiation field and the wiggler pseudoradiation field

FIG. 1. The integration path in the complex time plane~Pötz
and Zhang’s path! with the parameterst̃ i501 iT, t̃1501 i0, t̃2

5b1 i0, andt̃ f5b1 iT.
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this frame have the same frequencyv and opposite wave
vectors of equal magnitudek. The Hamiltonian of the system
H( t̃ l , t̃w) is written in terms of the creation and annihilatio
operatorsas* andas (s5 l ,w),

H~ t̃ l , t̃w!5\v@al* ~ t̃ l !al~ t̃ l !1aw* ~ t̃w!aw~ t̃w!#

1\L@al~ t̃ l !aw* ~ t̃w!e2 iknz~ t̃ l1 t̃ w!

1aw~ t̃w!al* ~ t̃ l !e
iknz~ t̃ l1 t̃ w!#, ~6!

where

L5
2pcr0

kV
. ~7!

r 0 is the classical radius of the electron,k the wave vector of
the photon,V the volume of the interacting region, andnz
the electron velocity.

Equation~4! in the generating functional approach can
written as@5#

^A&5
A~]/]J,]/]J* !g~J,J* !

g~J,J* !
U

J* 50
J50

, ~8!

whereg(J,J* ) is the generating function. The complex tim
path in the functional integral is divided intoM fractions,
and the interval of thesth fraction is

«s5 t̃ s112 t̃ s . ~9!
According to the complex time lattices, the discrete action
the system can be expressed as

Sl ,w5(
n

~aln* aln2aln* aln21!1(
m

~awm* awm2awm* awm21!

1\vS (
n

«naln* aln1(
m

«mawm* awm21D
1(

n
(
m

xn21xm«n21«maln21awm*

1(
n

(
m

xn* xm21* «n«m21awm21aln* 1J* aM211aM* J,

~10!

where

xn5S \L

b D 1/2

e2 iknz t̃ n, ~11!

and$J* ,J% are the external sources.
The generating function is

g~J,J* !5)
n

)
m

daln* daln

2p i

dawm* dawm

2p i
e2Sl ,w. ~12!

The integration over the photon field in Eq.~12! can be car-
ried out explicitly
g~J,J* !5
1

~12e2b\v!@12e2(s51
M «s~\v2F3uxu2!#

3exp5 J* F 1

eb\v21
1

F1F2 (
n51

M21

«nxne2(s51
n «s~\v2F3uxsu

2! (
m51

M21

«mxm* e2(s5m11
M «s~\v2F3uxsu

2!

12e2(
s51

M

«s~\v2F3uxsu
2!

GJ6 , ~13!

where

F15
1

12e2b\v (
n51

M21

«nxne2(s5n11
M \v«s, ~14!

F25
1

12e2b\v (
n51

M21

«nxn* e2(s51
n \v«s, ~15!

and

F35~12e2b\v!F1F2 . ~16!

The distribution function of the laser photons is

N5

d2

dJdJ*
g~J,J* !

g~J,J* !
U

J* 50
J50

. ~17!

By differentiating theg(J,J* ) with respect toJ andJ* in Eq. ~17!, we find
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N5
1

eb\v21
1

F1F2 (
n51

M21

«nxne2(s51
n «s@\v2F3~\L/b!# (

m51

M

«mxme2(s5m11
M «s@\v2F3~\L/b!#

12e2b@\v2F3~\L/b!# . ~18!
ton
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-
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In the limit of M→`, the discrete summations in Eq.~18!
are replaced by integration, and we find

N5
1

eb\v21
1@12e2b@\v2~F3\L/b!##

L2

\2b2 F 1

v2 1
knz

v

3
4 sin2 1

2 ~knz2v!T

~knz2v!2 GF 1

@v2~F3L/b!#2

2
knz

@v2~F3L/b!#

4 sin2 1
2 @knz1v2~F3L/b!#T

@knz1v2~F3L/b!#2 G ,

~19!

where

F35~12e2b\v!
L

\
F 1

v2 1
knz

v

4 sin2 1
2 ~knz2v!T

~knz2v!2 G .

~20!
Thus we have derived a general expression for the pho
distribution. The results from the perturbative approach c
be obtained from Eq.~19! in the weak-coupling limitL
!1, while the photon distribution function for an equilib
rium state

N5
1

eb\v21
~21!

is a consequence of Eq.~19! with L50.
In conclusion, the coupled photon system is divided in

two subsystems with different complex time coordinates.
effective action is constructed based on the requiremen
the dimension. The complex time path in the functional
tegral is the same as the Po¨tz and Zhang’s path. This gene
alized functional-integral technique is applied to the coup
photon system of a free-electron laser, and a new expres
of the photon distribution function is obtained.
@1# A. Bambini and S. Stenholm, Opt. Commun.30, 391 ~1979!.
@2# L. D. Faddeev and A. A. Slavnov,Gauge Fields-Introduction

to Quantum Theory~Addison-Wesley, New York, 1991!.
@3# J. Florencio, Phys. Rev. B34, 3634~1986!.
@4# J. Florencio, Phys. Rev. B35, 457 ~1987!.
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